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Simple formulas for the beam lifetime analysis in an electron storage ring
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Derived are simple and accurate formulas estimating the Touschek and beam-gas scattering lifetimes. These
formulas are practical rather than theoretical. They use only the measured total beam lifetimet and its time
derivativedt/dt to estimate the two lifetimes. The only condition required is suppression or saturation of the
radiative polarization. As a demonstration, the formulas are applied to the Pohang Light Source~PLS! beam
lifetime.
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I. INTRODUCTION

The beam lifetime in an electron storage ring is det
mined mainly by the combination of two types of scatterin
the Touschek scattering between electrons@1#, and the elastic
and inelastic scatterings between electrons and residual
eous molecules. We can evaluate each effect by defining
so called Touschek lifetime and beam-gas scattering lifet
separately. There can also be a quantum lifetime which
caused by the fact that the distribution of an electron bu
expands to infinity both transversally and longitudinally, b
is cut off by apertures in both directions~vacuum chamber
walls and rf power limitation!. However, a theoretical deri
vation shows that the quantum lifetime depends expon
tially on the aperture limitations and thus the quantum li
time is too long to be meaningful for many existing stora
rings, which has been supported by experiments and ob
vations~see, e.g., Ref.@2#!. Therefore, this paper ignores th
quantum lifetime and does not pay attention to the exc
tional cases where the quantum lifetime may matter. T
the measured beam lifetime can be analyzed simply as
lows:

1

t
5

1

t t
1

1

tg
, ~1!

wheret t andtg denote the Touschek lifetime and beam-g
scattering lifetime, respectively.

The Touschek scattering occurs to electrons in the s
bunch. If N is the number of electrons in a bunch, the lo
rate due to the Touschek scattering is proportional toN2, and
we may write it as

dN

dt
52aN2, ~2!

where a is a parameter depending not only on the Mo¨ller
scattering cross section but also on beam parameters
machine parameters. It is given by~see, e.g., Ref.@3#!
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g3Vsx8~Dpm /p!2
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wherer e is the classical electron radius,Dpm /p is the mo-
mentum acceptance,g is the Lorentz factor, V
5(4p)3/2sxsys l is the bunch volume, and the functio
C(e) is defined by

C~e!5eE
e

` 1

u2 H S u

e D2 lnS u

e D 1/2

21J e2udu,

e 5S Dpm

g2sx8mc
D 2

. ~4!

The Touschek lifetimet t , given by

1

t t
52

1

N

dN

dt
5aN, ~5!

is inversely proportional toN. From Eq.~2!, we know thatN
is a function of time. As a result,t t(N) is also a function of
time. Althougha has no explicit time dependence, it ma
have an implicit time dependence through the stored be
current dependence of bunch size factors such assx , sy ,
etc. The bunch size can be increased by intrabeam scatte
or instabilities, which decreases as the stored current dec
Hence we will uset(t;a) to stress the explicit and implici
time dependences.

On the other hand, the loss rate due to the elastic
inelastic beam-gas scattering is proportional to the produc
the total number of electrons and that of residual gase
molecules. Hence the beam-gas scattering lifetimetg is in-
versely proportional to the vacuum pressureP as in

1

tg
5bP, ~6!

whereb is a time independent parameter depending not o
on machine parameters such asb-function values, vertical
aperture of the ring, but also on residual gas informat
such as gas composition~for details of b, see, e.g., Refs
@3,4#!. Note thattg has no explicit time dependence. But
may depend on time implicitly through a possible time d
pendence ofP. The pressureP generally depends on th
stored current. Since the current decays as time goes oP
can also depend on time. Hence we will usetg(P) to denote
the implicit time dependence.
©2004 The American Physical Society01-1
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As shown above,t t andtg have different characteristics
Knowing them separately and accurately is useful practica
They reflect different parameters of a storage ring and
sensitive monitors of what may be happening on those
rameters. If some problems occur, these lifetimes refl
them immediately. However, while it is easy and clear
define the two lifetimes in theory, they are mixed up in re
measurements. Lifetimes calculated with known formulas
a andb may not agree with measurements numerically. T
purpose of this paper is to present simple and accurate
mulas that calculatet t andtg from the measured values oft
and its time derivativedt/dt. The derivation is based on th
fact thatt t andtg have different time dependences. Here
assume the simple case of an electron beam stored an
caying. We do not assume a situation such as top-up op
tion.

II. DERIVATION

Consider a beam lifetime measured at timet:

1

t~ t;a,P!
5

1

t t~ t;a!
1

1

tg~P!
. ~7!

Now we measuret again at a later timet85t1Dt and find
that t is increased tot1Dt. If Dt is big enough and the
stored current drops considerably afterDt, the pressureP
may drop too, andtg may increase noticeably, although th
change ofP caused by the decaying current is small in e
tablished machines. We can chooseDt small enough not to
cause the change ofP and thus not to increasetg . Hencetg
is effectively time independent, at least within an time int
val of the order ofDt and Dt is caused entirely by the
increase oft t to t t1Dt t . At t85t1Dt, Eq. ~7! becomes

1

t1Dt
5

1

t t1Dt t
1

1

tg
. ~8!

In the first order of approximation,

1

t
2

Dt

t2 .
1

tg
1

1

t t
2

Dt t

t t
2

. ~9!

With Eq. ~7!, we are left with the following relation:

Dt

t2 .
Dt t

t t
2

. ~10!

Now a crucial step is in order. It is the simple relation

Dt t5Dt, ~11!

which is valid provideda is independent of time. Again, w
chooseDt appropriate enough to considera time indepen-
dent. Using Eqs.~2! and ~5!, we compute

dt t

dt
5

dt t

dN

dN

dt
5S 2

1

aN2D ~2aN2!51. ~12!
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However, there exists another source of time dependence
a; it is the radiative polarization. The radiative transver
polarization for an initially unpolarized electron beam pr
ceeds according to the formula@5,6#

S5S0~12e2t/T!, ~13!

whereS is the degree of polarization andS0 is its saturation
value. The Touschek lifetime depends on the radiative be
polarization, because the Mo¨ller scattering cross section de
pends on the transverse beam polarization@7#. The Touschek
loss rate gets smaller as the degree of beam polarization
bigger. Hence the Touschek parametera becomes time de-
pendent through Eq.~13!, unless depolarizing devices suc
as a skew quadrupole are turned on. But, fortunately,
time dependence ofS stops after the saturation. The tim
constantT is given by

T.983
Rbnd

2 Ravg

E5
@sec#, ~14!

whereE is the beam energy in GeV, andRbnd andRavg are
the bending radius and the mean radius of the ring in me
respectively. With the Pohang Light Source~PLS! param-
eters,E52.0 GeV,Rbnd56.30 m, andRavg544.65 m,T is
1.5 h. Equation~14! shows that as the beam energy i
creases,T decreases rapidly. For higher energy rings, pol
ization saturates very rapidly anda is effectively time inde-
pendent except at the very first stage of beam storing.

If we wait an enough time for the saturation or if we tu
on depolarizing devices,a is time independent. We use Eq
~11! in Eq. ~10! to get

t t~ t;a!.
t~ t;a,P!

ADt/Dt
, ~15!

in which t t is determined from the measured values oft,
Dt, andDt. Thentg is simply determined by

1

tg
5

1

t
2

1

t t
.

1

t S 12ADt

Dt D , ~16!

which is just

tg~P!.
t~ t;a,P!

12ADt/Dt
. ~17!

The above approximate equalities become exact equal
whenDt→dt:

t t~ t;a!5
t~ t;a,P!

Adt/dt
, ~18!

tg~P!5
t~ t;a,P!

12Adt/dt
. ~19!

These are exact and practical formulas definingt t andtg in
terms of easily measurable quantities. You need to know o
1-2
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t anddt/dt. It is straightforward to showdt t /dP50, as it
should be. It is also easy to showdtg /dt50, which means
here thattg is constant as far asa andP are constant. They
are effectively constant in some range of time that depe
on machine.

It is practical to use Eqs.~15! and ~17! instead of exact
relations. ForDt, that belongs to the time range mention
above, these equations can be applied with a good accu
It is easy to determine botht t and tg from the measured
values oft, Dt, andDt. This method is very simple and ca
be very accurate depending upon the accuracy of meas
values oft andDt. Hence these values should be measu
carefully, and possible fluctuations should be averaged
Generally speaking, this method is more accurate than d
measurements oft t or tg . To measure one of them directl
we have to eliminate the other effect. For example, one
the methods for measuringtg directly is to decreaseN to a
very small number to increaset t to a big value. Then it may
be possible to ignore 1/t t in Eq. ~1! and identify the mea-
sured beam lifetime astg . The problem is that practically
we cannot increaset t indefinitely but have to stop at som
value. Often it is not big enough and the estimatedtg would
appear to be smaller than it really is.

III. AN APPLICATION

As a demonstration of this method, the PLS beam lifeti
is analyzed here. Figure 1 displays PLS beam lifetimes m
sured with a stored 2.0-GeV beam. In order to block
radiative polarization, skew quadrupoles were turned on.
strength of skew quadrupoles was chosen appropriately s
not to decrease the dynamic aperture. The dashed line of
1 denotes the measured beam lifetime with skew qua
poles turned on. The initial current was 157 mA and t
initial lifetime was 18.3 h. The final current was 98 mA. Th

FIG. 1. The solid line represents the measured PLS beam
time with skew quadrupoles off, and the dashed line represents
beam lifetime with skew quadrupoles on. Both lines are smoot
ones. The dotted line is a straight line with the time derivative
which represents a pure Touschek lifetime. The initial current w
157 mA and the initial lifetime was 18.3 h.
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monitored pressureP showed a slight but non-negligible de
pendence on the stored current.

To be sure that the radiative polarization is suppresse
the dashed line, it is compared with the dotted line, which
a simple straight line with a slope 1 (dt/dt51) representing
a pure Touschek lifetimet t , and the solid line, which is a
measured beam lifetime with skew quadrupoles turned
The dashed and solid lines have almost the same initial
rent and initial lifetime. Althought t has a slope 1 (dt t /dt
51), since the other parttg is almost time independen
(dtg /dt'0) the combined valuet can never havedt/dt
greater than 1. But in the process of radiative polarizati
dt/dt has an additional contribution fromdS/dt and can be
greater than 1. To show this, note that the effect of polari
tion can be included as follows@8#:

t ts5
1

asN
, ~20!

where the subscripts denotes the inclusion of the polariza
tion effect and the new parameteras is defined by

as5a2gS2, g.0. ~21!

The parameterg is determined by the polarization depe
dence of the Mo¨ller scattering cross section. The calculatio
of g is very involved and will not be performed here.dt ts /dt
is given by

dt ts

dt
5S 2

1

asN
2D ~2asN

2!1
dt ts

das

das

dt
511

2gS

as

dS

dt
,

~22!

which is always greater than 1. Hencedt/dt can be greater
than 1 even after includingtg . The solid line clearly has a
slope greater than 1 at the early stage of beam storing. Th
evidence of a radiative polarization procedure going on. B
the beam lifetime with skew quadrupoles~dashed line! has a
dt/dt of less than 1 in Fig. 1, which is clear evidence that
polarization has been suppressed completely or to a s
value. The skew quadrupoles may also give a slight cha
to t t by modifying the bunch volume, buttg is not affected.
Hence both the dashed and solid lines have the sametg .
Oncetg is determined,t t can always be evaluated from Eq
~7! for both the dashed line and the solid line. Note that
hatched area of Fig. 1 denotes approximately the polariza
contribution to the beam lifetime.

Equation ~17! is now applied to several points of th
dashed line~to several values oft) to obtaintg at several
values of the stored current. In order not to include the eff
of dS/dt possibly remaining even after skew quadrupo
were turned on, we used data aftert.2 h. In each applica-
tion, the accuracy of the determinedtg depends entirely
upon the measurement accuracy oft and Dt/Dt. SinceDt
can be measured very accurately, the accuracy ofDt/Dt is
effectively the same as that oft. Hence splittingt into tg
andt t is achieved with only the measurement accuracy ot
itself. But it is useful to describe the beam-gas scatter
lifetime by its product with the vacuum pressureP, to make
tgP51/b which is supposed to be independent of both
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pressure and time. And determiningtgP includes additional
errors. Besides the measurement error ofP, the constancy of
tgP may also be slightly broken by the fact that the g
composition changes in general as the pressureP changes by
the photoinduced outgasing. In other words,b ~and thus
tgP) may depend on the stored current. This effect is
universal but depends on each machine’s status and op
tion history. For a storage ring of long operation history, t
gas composition would change only a little. The measu
PLS gas composition is not accurate enough to predict
current dependence oftgP correctly and will not be dis-
cussed here. Estimation based on the dashed line shows
values oftgP are not constant but deflect within 10% whi
the possible current dependence due to the gas compos
change is not clear. This is probably because the pres
measurement error was mixed with a gas composi
change that was not big enough to show the current de
dence within the narrow range of the applied stored curr
of Fig. 1. The average over the estimated values gives
o

o
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tg•P'160 n Torr h. ~23!

On the other hand, a theoretical calculation givestg
cal

•P
'145 n Torr h, which is fairly close to the above value. Al
we measuredtg directly with a very small value of bunch
current ~0.02 mA/bunch! and obtainedtg

dir P'115 n Torr h
@9#, which is quite lower than the above value of Eq.~23!.
The discrepancy betweentg andtg

dir can be explained by the
reasoning that the Touschek lifetime was not big enough
be ignored in the measurement and it madetg

dir smaller than
tg .
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